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Abstract

The influence of surface reconstruction on diffusion of adsorbed particles is investigated in the framework of simple

two-position symmetrical model. Exact expressions for the free energy and diffusion coefficient are obtained neglecting

the lateral interaction between the adsorbed particles. The critical behavior of the system is described by an anisotropic

Ising spin model. The coverage dependencies of the chemical diffusion coefficient are calculated for different temper-

atures and interaction parameters. The dependencies show clearly the strong influence of the phase transitions, oc-

curring in the system, on the particle migration. The chemical diffusion coefficient turns to zero at the critical points of

the system.

� 2003 Elsevier Science B.V. All rights reserved.

Keywords: Models of surface kinetics; Non-equilibrium thermodynamics and statistical mechanics; Surface diffusion

The reconstruction on solid surfaces have

strong impact on the properties of materials. Par-

ticles adsorbed on a surface can change the lateral

interaction between surface atoms, thus inducing

or inhibiting surface reconstruction. Adsorbate-

induced reconstruction has been observed in dif-

ferent adsorption systems (see, for example, Refs.

[1,2]). The reconstruction in the H=W ð001Þ ad-
sorption system may be is the most popular and

studied example of this phenomenon [3–5].

The statistical study of systems of strongly in-

teracting particles is rather difficult. It is not sur-

prising that a great deal of efforts is devoted to

develop simple models, which have the advantage

of the exact treatment, despite their oversimplifi-

cation of the real phenomena. Some simple models

of surface reconstruction have been proposed to

investigate the influence of a surface reconstruc-

tion on kinetics of elementary rate processes and

diffusion of particles [6–10].

We have investigated the diffusion of adsorbed

particles over the reconstructive surface, using the

model of reconstruction, considered in Ref. [9]. In

this model every atom from the surface layer can
occupy any of the two minima of the potential

relief placed symmetrically around the sites of

square lattice (see Fig. 1). The distance between

the minima is small as compared with the lattice

constant a. Particles can be adsorbed in the so-
called ‘‘bridge’’ positions on the middle of any

bond of the lattice. We assume that any surface

atom interacts with its four nearest neighbor (nn)
surface atoms and with the particles, adsorbed on

the bonds connecting the surface atom with its

nns. The state of a surface atom in the ith site is
determined by the sign of its displacement, which

is equivalent to the Ising spin si ¼ 1, if the atom
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occupies the right minimum and si ¼ �1, when it
is in the left minimum. According to the definition,

the top layer of surface atoms is equivalent to a

square Ising spin model. The state of the adsorbed

particle subsystem is described completely by the

set of occupation numbers of the adsorption sites
fnijg. Index ij labels bond connecting the ith and
the jth sites and

nij ¼
1 if the ijth bond is occupied;
0 if the ijth bond is empty:

�
ð1Þ

One can obtain the Hamiltonian of the whole

system ‘‘spinsþ particles’’ quite easily, expanding
the energy of pair interactions between the parti-

cles into a series about small displacements of

surface atoms and keeping only the first non-

vanishing terms in the series

H ¼
X
hb

fuksisj þ ½kðsi � sjÞ � e
nijg

þ
X
vb

ðu?sisj � enijÞ: ð2Þ

Here e is the depth of the adsorption minima;
uk;? are the nn pair interaction parameters of the

surface atoms in the OX and OY directions, re-

spectively, k is the pair interaction energy between
the nearest neighbor particle and surface atom;

symbols hb and vb mean summation over hori-

zontal and vertical lattice bonds, respectively. As

the distance between any surface atom and its nn
particles, adsorbed on the vertical bonds, does not

change during atom transitions from the left

minimum to the right and vice versa, the energy

does not change also. Therefore, particles, ad-

sorbed on the vertical bonds, do not influence the

surface layer reconstruction.

All necessary thermodynamic quantities can be

calculate via the grand partition function Q. As we
neglect the particle lateral interaction, the grand

partition function can be reduced to a partition

function of the anisotropic Ising model after

summation over all particle occupation numbers

nij. The result of the summation can be written as
follows:

Q ¼ ð1þ exp lÞN expfN ½. þ FIðI1; I2Þ
g; ð3Þ

where, as usual, the depth of the potential minima

e is absorbed into the chemical potential l;
FIðI1; I2Þ is the free energy of an anisotropic Ising
model

FIðI1; I2Þ ¼
1

2p

Z p

0

lnf2½cosh 2I1 cosh 2I2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2 � 2k cos 2#

p

gd# ð4Þ

and other quantities are defined as follows

I1 ¼ juk þ /j; I2 ¼ ju?j; k ¼ sinh 2I1 sinh 2I2;

. ¼ lnf½1þ expðl þ 2kÞ
½1þ expðl � 2kÞ



 ½1þ exp l
2g=4;
/ ¼ . � lnð1þ exp lÞ:

ð5Þ

At high temperatures, surface atoms are dis-

tributed randomly over the minima and the system
is in a disordered state. As the temperature is

lowered, the lateral interactions between surface

atoms cause formation of an ordered phase, with a

definite symmetry. The symmetry of the ordered

phase is determined by the signs of the interaction

parameters of the Hamiltonian of the system uk;?.

OX

O
Y

a

a

i j

jl

ij

Fig. 1. Schematic view of the reconstructive lattice. Open cir-

cles denote the stable positions for the surface atoms, shown as

the filled circles. Empty diamonds at the middles of the square

lattice bonds denote adsorption sites. Adsorbed particles are

denoted by the big filled circles. Arrows show four possible

jumps of the adsorbed particle.
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There are four possible ordered phases of the clean

reconstructed surface, corresponding to the four

combinations of signs of the interaction parame-

ters. The critical temperature of the surface re-

construction Tc is determined by the well-known
equation: sinh 2I1 sinh 2I2 ¼ 1. As adsorption of
particles modifies the interaction parameter I1, the
critical temperature of reconstruction depends on

the particle surface coverage h.
One interesting property of the atom–particle

interaction should be noted. As adsorbed particles

try to orientate nn spins in the opposite directions

(independently on the sign of the interaction pa-

rameter k), they will inhibit reconstruction for
uk < 0 or increase the critical temperature in the

case uk > 0. Strong enough atom–particle inter-

action jkj > 2jukj would destroy the initially or-
dered phase and cause reconstruction into a phase

with the symmetry, corresponding to the positive

sign of interaction parameter uk [9].

To investigate the particle migration, one must

know the microscopic mechanism of the particle
transition from one adsorption site to another. We

suppose that particles jump to their nn empty

minima only, as shown in Fig. 1. Any particle can

jump in the four possible directions. The jumping

particle must surmount the potential barrier be-

tween the initial site and the final site. The height

of the barrier is affected by the presence of adja-

cent surface atoms. Usually the interaction be-
tween an activated particle at the saddle point

of the potential barrier ant its nns is neglected.

Than, the jump frequency for a particle, jumping

from the ijth to any empty nn adsorption site, for
example, jlth, as shown in Fig. 1, has the following
form: mij;jl ¼ m exp½�kðsi � sjÞ
. We will consider
the relaxation of the low-frequency, long-wave-

length disturbances of the surface coverage in the
so-called hydrodynamic limit. In this case the

chemical diffusion coefficient, Dc, is expressed via

the thermodynamic quantities [11].

Dc ¼ D0hvbð1� hhbÞ=vT ; ð6Þ

where D0 ¼ m expð�eÞa2=2 is the diffusion coeffi-
cient for non-interacting particles; hvb;hb are the
mean values of the particle occupation numbers of

the adsorption sites on the vertical and horizontal

lattice bonds, respectively and vT denotes the iso-

thermal susceptibility or the mean square surface

coverage fluctuations: vT ¼ o2F =ol2.
The second derivative of the free energy F over

the chemical potential l, is proportional to the
second derivative of the free energy over the in-

teraction parameter I1, which has the well-known
logarithmic divergence at the critical points of the

system. Therefore, the chemical diffusion coeffi-

cient, Dc has the universal critical slowdown be-

havior Dc / j ln jT � Tcjj�1.
We have calculated the coverage dependencies

of the chemical diffusion coefficient for some val-
ues of the interaction parameters. As the particle

adsorption influences only the atom–atom interac-

tion along OX direction, there are two principally

different cases only, that should be considered

separately.

At first we consider the case of repulsive inter-

action between the atoms, uk > 0. The coverage

dependencies of the chemical diffusion coefficient
are plotted in Fig. 2. At high temperatures the

coverage dependence of the diffusion coefficient is

rather weak (see curve 5 in Fig. 2). There is a

smooth curve with a wide small maximum at

h � 0:75. The dependency is qualitatively similar
to those obtained for the diffusion of repulsive
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Fig. 2. The coverage dependencies of the chemical diffusion

coefficient, lnDc=D0 vs. h. The values of the interaction pa-
rameters are the following: uk ¼ 2u? > 0, k ¼ 5u?. The tem-

perature, T , is measured in the dimensionless units kBT=u?.
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particles on the honeycomb and square lattices

[12,13]. As it was mentioned above, any particle

tends to set nn spins in the opposite directions,

thus creating unfavorable conditions for adsorp-

tion of other particles in its close vicinity. It is

equivalent to an effective repulsive interaction be-
tween the adsorbed particles.

For small coverage the diffusion coefficient

grows exponentially with the coverage as the av-

erage number of nns increases which causes the

increase of the indirect repulsion energy between

the particles. This effect is more pronounced at low

temperatures, when the surface atom layer is or-

dered. In this case the nn spins are antiparallel.
Therefore, the adsorption sites on the horizontal

bonds have different depth in the alternating order.

There are ‘‘deep’’ sites with depth equal to e þ 2jkj
and ‘‘shallow’’ ones with the depth e � 2jkj.
At low coverage the diffusion of the particles

proceeds mainly by jumps from the deep sites as

particles are adsorbed in these sites. The diffusion

coefficient Dcðh ¼ 0Þ is less than the diffusion co-
efficient of non-interacting particles D0. It should

be noted that the relaxation of the coverage dis-

turbances proceeds by the particle jumps from sites

with different depth. In this case the most slow

process governs the total migration of the parti-

cles.

For high coverage (h ! 1) diffusion of particles

is effectively described by the the jumps of
‘‘holes’’––empty adsorption sites. It is easy to

show that the lateral interaction between the holes

is the same as between the particles. All holes are

located in the ‘‘shallow’’ sites. Then, Dcðh ¼ 1Þ >
D0 and the diffusion coefficient grows exponen-

tially with the increasing of the hole coverage.

The chemical diffusion coefficient has a strong

narrow maximum at h ¼ 3=4-ML at low temper-
atures (see curve 1 in Fig. 2). At this coverage all

deep sites are occupied (and all sites on the vertical

lattice bonds are occupied also). This ordered

phase is rather stable and the surface coverage

fluctuations are strongly suppressed. The isother-

mal susceptibility has deep and narrow minimum

at this coverage. Therefore, the diffusion coefficient

has maximum.
At some temperatures the variation of the sur-

face coverage, h, causes the second order phase

transitions of the atom surface layer from a dis-

ordered state to an ordered phase (surface recon-

struction) and vice versa. The effective interaction

energy between the surface atoms I1 ¼ juk þ /j
depends on the coverage. The dependence is rather

specific. The adsorbed particles do not influence
the interaction at h ¼ 0, ðl ¼ �1Þ, which is quite
obvious, and h ¼ 1, ðl ¼ 1Þ, which is less obvi-
ous. The maximal influence takes place at the half

monolayer coverage, l ¼ 0 (see Eq. (5)). The

critical line or dependence of the temperature of

the surface layer reconstruction on the surface

coverage, TcðhÞ, is a convex function of the cov-
erage, symmetrical about h ¼ 1=2-ML. Fixing the
temperature in the region Tcð0Þ < T < Tcð0:5Þ and
changing the surface coverage from zero to the

monolayer, one crosses the critical line two times.

In these critical points the chemical diffusion co-

efficient drops to zero (see curve 2 in Fig. 2). The

critical slowdown of the diffusion coefficient, Dc, is

determined by the logarithmic divergence of the

isothermal susceptibility, vT .
More distinctly all critical peculiarities of the

chemical diffusion coefficient are manifested for

the case of attractive interaction between the

atoms, uk < 0 (the corresponding coverage de-

pendencies of the chemical diffusion coefficient are
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Fig. 3. The coverage dependencies of the chemical diffusion

coefficient, lnDc=D0 vs. h. The values of the interaction pa-
rameters are the following: uk ¼ �2u? < 0, k ¼ 5u? (uk ¼
2u? > 0 for curve 4).
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plotted in Fig. 3). It should be noted that the ad-

sorbed particles produce the effective interaction,

/, with the sign opposite to the sign of the original
lateral interaction uk.

At high temperatures there is a weak coverage

dependence of the chemical diffusion coefficient on
the surface coverage. The surface layer is disor-

dered and the influence of the atom–particle in-

teraction on the migration is almost negligible. If

the temperature decreases and falls into the region

Tcð0Þ > T > Tcð0:5Þ, the surface layer is ordered at
low and high coverages and disordered in the in-

termediate region as in this case the critical tem-

perature is a concave function of the coverage,
symmetrical around h ¼ 1=2-ML. There is a criti-
cal slowdown of the chemical diffusion coefficient

in the two critical points (curve 2 in Fig. 3).

The most interesting critical behavior of the

chemical diffusion coefficient proceeds at the low

temperatures in the case of strong atom–particle

interaction, jkj > 2jukj. There is a sequence of the
order-disorder phase transitions and the diffusion
coefficient is a rather complex, non-monotone

function of the surface coverage (see curve 3 in

Fig. 3). At low and high coverages, h < 0:1 and
h > 0:9, the influence of the adsorption is weak
and the surface layer of atoms is ordered. In the

central region, 0:27 < h < 0:73 the influence of the
adsorption is maximal. The lateral effective atom–

atom interaction changes its sign. It becomes re-
pulsive despite the original attractive interaction,

uk < 0. The indirect atom–atom interaction via

the adsorbed particles, /, is strong enough to

cause the reconstruction of the atom surface layer

into the ordered phase with the symmetry corre-

sponding to the repulsive atom–atom interaction,

uk > 0. These ordered phases are separated by the

regions of the surface coverage where the atom
surface layer is completely disordered even at

T ¼ 0. It means that the effective lateral atom–

atom interaction parameter I1 is equal to zero.

Therefore, changing the surface coverage from

zero to the monolayer, one crosses the critical lines

four times. In the critical points the chemical dif-

fusion coefficient turns to zero (see curve 3 in Fig.

3).
It is interesting to note the influence of ordering

on the diffusion of particles. The chemical diffusion

coefficient has the same values for the opposite

values of the interaction parameter uk in the re-

gion where surface layer of atom has the same

ordering. Curve 4 in Fig. 3 is plotted for the strong

repulsive interaction, uk > 0 (other interaction

parameters are the same). The dependencies of the
chemical diffusion coefficient coincides rather well

if the surface coverage is not too close to the

critical points. It is possible to say that the type of

the ordering of the atom surface layer plays the

decisive role in the adsorbed particles migration on

this reconstructive surface.

It should be pointed out that the relation be-

tween the interaction parameters, we choose for
the dependencies plotted in Figs. 2 and 3, is not

such unrealistic as it may be thought at the first

glance (jkj ¼ 2:5jukj). The interaction parameters
are not the real interaction energies, but only the

changes of the interaction energies, which are

proportional to the first derivatives of the corre-

sponding energies over the distance between the

particles. Therefore, the atom–particle interaction
energy can be markedly less that the atom–atom

interaction energy but for the first derivatives the

inequality can be reversed due to the fact that the

distance between an atom and its nn adparticles is

two times smaller as compared with the distance

between the nn surface atoms.

Summing up all results one can conclude that

surface diffusion can be significantly dependent on
the surface reconstruction. For the model of re-

construction considered here the chemical diffu-

sion coefficient has universal slowdown behavior

Dc / j ln jt � Tcjj�1 in the close vicinity of the criti-
cal points.
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